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0. Introduction 
It was proved in [l] that many nonadditive topological properties P are additive in 
finite powers in the sense that if X is a space with X” = U{Y,: i E n}, and Y, E P 
(5 K has P) then X itself has P. H ere we call such properties weakly finitely additive. 
The weak finite additivity in regular spaces was proved in [I] for any 
P E {tightness ,< T, sequentiality, Frechet property, character < 7, 
radiality, pseudoradiality, k-property, weight < r}. 
Metrizability was proved in [l] to be weakly finitely additive in the class of Hausdorff 
compact spaces as well as in the class of regular spaces having the Souslin property. 
We prove the weak finite additivity for metrizability in the class of regular pseudo- 
compact spaces. We also establish that metrizability is n-additive in X” provided X” is 
regular and Lindelof. 
However, metrizability is not even 2-additive in the finite powers of Tychonoff spaces. 
We show this constructing the relevant example which actually is a ladder system space. 
1. Notation and terminology 
Throughout this paper “a space” means “a topological space”. For a space X and 
A c X we denote by 2 the closure of A in X. If it might not be clear in which space 
the closure is taken, then we write clx(A) for the closure of A in X. A cardinal number 
r is identified with the smallest ordinal number having power 7. All other notions are 
standard and can be found in [6]. 
2. Cases of weak additivity for the metrizability and related properties 
In this section we are going to prove that metrizability is n-additive in X” if X is a 
regular pseudocompact space or if X” is Lindelof. 
Proposition 2.1. IfX is a space and (Mn),Ew are subspaces of X such that each Mn 
has a u-disjoint base, then Y = (UnEw M,) n nnEw 2, also has a a-disjoint base. 
Remark 2.2. Since some of the subspaces Al, may be equal, Proposition 2.1 includes 
the case of finitely many subspaces Mn too. 
Proof of Proposition 2.1. Let f3, = UlcEw B3,k be a base for j’& such that each &k is 
a disjoint family of open subsets of Al,. For each n, Ic E w and B E &k let g be an 
open subset of B, such that g n Mn = B and let 
Z. Balogh et al. / Topology and its Applications 84 (1998) 91-103 93 
Then in a, each l?&k is a disjoint family of open sets and & contains a local base 
at every point of Mm. Hence 8* = {B fl Y: B E UnEw &} is a a-disjoint base for 
Y. 0 
Lemma 2.3. Suppose that a space X is the union of a family M of subspaces such that 
each M E M has a u-disjoint base. For every k E w let 
Uk = {x E X: x has a neighbourhood which intersects at most k members of M} 
and let LI, = Uk+,\Uk. Then each LI, has a o-disjoint base. 
Proof. Note that Ue = 0 and Ut = LO. Fix a k E w. For every z E LI, let M(x) = 
{M E M: x E %}, and consider the set U, = X\ U(7i7: M E M and n: $ a}. 
Note that {U, f’ L k: x E Lk} is a list, with repetitions permitted, of all members of 
a partition of LI, into pairwise disjoint relatively open subspaces. Hence it is enough to 
prove that each U, n LI, has a o-disjoint base, which follows from Proposition 2.1 and 
the fact that 
UznLI,cUM(x)nn{%: MEM(x)}. 0 
Theorem 2.4. Let 1 < n < w. if X = n,,, Xi is the union of n subspaces 111, 
(k < n) such that each h!k has a o-disjoint base, then at least one of the factors Xi 
can be covered by open subspaces with u-disjoint bases (i.e., at least one of the Xi has 
a u-disjoint base locally). 
Proof. We will proceed by induction on n. For n = 1 our statement is trivially true. 
Suppose 2 < n < w and that we are done for n - 1. By Lemma 2.3 X is the union 
of n open subspaces (uk) t<k<n in such a way that with the convention Us = 8, each 
subspace Lk = Uk+l\Uk (0 < k < n) has a a-disjoint base. Let 7r: X + X,-I be the 
natural projection. We consider two cases. 
Case 1. If 7r( VI) = X,-I, then X,-t can be covered by open subspaces with (T- 
disjoint base. 
Case 2. If r(U,) # X,-I, then X\UI = UIGk_Lk covers a homeomorphic copy 
Of IIicn--l Xi, so by our inductive hypothesis, one of the Xi (i < n - 1) is covered by 
open subspaces with a-disjoint bases. 0 
Remark 2.5. The following examples show that there is little room to improve Theo- 
rem 2.4 in general. 
(1) 
(2) 
We cannot expect the conclusion to hold if we allow X to be the union of more 
than n subspaces Mk with a-disjoint bases. Indeed, the square of the one point 
compactification of an uncountable discrete space is the union of three discrete 
subspaces, but none of the factors has a a-disjoint base locally. 
We cannot expect to draw the conclusion for more than one factor. Indeed, the 
product of a finite discrete space and the one point compactification of an uncount- 
able discrete space is the union of two metrizable subspaces, yet only one of the 
factors satisfies the conclusion of Theorem 2.4. 
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(3) Example 3.5 shows that the conclusion of Theorem 2.4 can not be strengthened 
to “one of the factors has a a-disjoint base” even if we assume that Xa = Xt = 
.,. = X,_ 1, and the product X is the union of two metrizable subspaces. 
Lemma 2.6. Let X be a space with c(X) = w, and suppose that X = Ukin Mk in 
such a way that each subspace Mk has a a-disjoint base. Then X is separable. 
Proof. First note that if U is an open subspace of X and one of the Mi is dense in U then 
w 6 d(U) < d(MinU). Since MinU has a a-disjoint base, d(filinU) = w(MinU) < 
c(Mi n U). Since Mi n U is dense in U, we have c(Mi n U) = c(U) < c(X) = w. It 
follows that w < d(U) < w, i.e., U is separable. 
Let U be a maximal collection of pairwise disjoint open separable subspaces of X. It 
is countable by c(X) = w and UU = X, since if V = X\UU were nonvoid, then by 
our first remark each 11fi would have to be nowhere dense in V which is impossible. 
Hence UU is a separable dense subspace of X so X is separable. 0 
Theorem 2.7. Let 1 < n < LJ. ZfX = &,Xi, c(Xa) = ... = c(X+t) = w and X 
is the union of n subspaces Mk (k < n) such that each Mk has a u-disjoint base, then 
at least one of the factors Xi is second countable. 
Proof. By Lemma 2.6 each Xi is separable, hence X is separable. We shall proceed by 
induction on n. Suppose 2 < n < w and we are done for n - 1. Define the subspaces Uk 
and Lk of X as in Lemma 2.3. Note that X = Ulccn Uk = Ulcin Lk. Furthermore, UI 
is an open subset of X with a a-disjoint base and U1 is separable since X is separable. 
Hence U1 is second countable. We can now conclude the proof considering the two 
following cases: 
Case 1. If n(U,) = X,-I (where 7r :X -+ X,-l is the natural projection), then X,-r 
is second countable. 
Case 2. If T(U,) # X+1, then X\Ul = lJIGlccn LI, covers a homeomorphic copy of 
flicn_, X,, so by the inductive hypothesis, one of the factors X, (i < n - 1) is second 
countable. 
Corollary 2.8 [l]. Zf c(X) = w and X” is a union of n metrizable subspaces, then X 
is second countable. 
We thought it relevant to mention Corollary 2.8 because the proof in [l] of the result 
in question was fairly complicated if not to say unreadable. 
Theorem 2.9. Let 1 < n < w. If X = &+_, Xi, each Xi is pseudocompact and X 
is the union of n subspaces Mk (k < n) such that each Mk has a a-disjoint base, then 
at least one of the factors Xi is a compact metrizable space. 
Proof. Suppose not. Without loss of generality we may assume that n > 2 and n is 
the smallest integer for which the theorem fails. Let uk and Lk be as in Lemma 2.3. 
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Note that X = UkQn lJk = Ulccn Lk. By the minimality of n there is no homeomorphic 
copy oflIi<,-r xi in UIQ~<~ Lk. Thus if rr : X -+ X,_ 1 is the natural projection, then 
rr(Ur ) = X,-t. Hence each point of X,_ 1 has a pseudocompact neighbourhood with 
a a-disjoint base. By Uspenskii’s theorem [2] a pseudocompact space with a a-point 
finite base is a second countable space. Hence X,_ I is a locally compact, locally second 
countable space. 
By the same argument, it follows that each Xi is a locally compact, locally second 
countable space. We will show that at least one Xi is countably compact. Otherwise 
there would be second countable open subspaces Vi C Xi such that Zi = clx, (Ui) is 
not compact for each i < n. By Theorem 2.7 at least one of the 2, is second countable. 
Since this Zi is pseudocompact, it is also compact which is a contradiction. 
Hence one of the Xi’s is a locally compact, locally second countable, countably com- 
pact space. Since this Xi is also the union of finitely many subspaces with a-disjoint 
bases, the space Xi is submeta-Lindelof. A submeta-Lindelbf countably compact space 
is compact, so Xi is compact and locally second countable. Therefore Xi is compact 
and metrizable, contradicting the indirect assumption at the beginning of our proof. q 
Corollary 2.10. Let X be a pseudocompact space. If X” is a union of < n of its 
metrizable subspaces, then X is second countable. 
The following definition and lemma belong to Fleissner [7, Lemma 6.41. 
Definition 2.11 [7]. A subset A c wf is called a full subset of WI” if the sets Ai = 
xi (A) c wf have the following properties (and ri : wf” + wf is the natural projection, of 
course): 
(1) the set ~1 (A) is uncountable; 
(2) if 1 < i < k and z E r%(A), then there is an uncountable set II, c A such that 
rri+r r D, is a one-to-one map and rri(y) = z for every y E D,. 
Lemma 2.12 [7]. Let A be a full subset of wf. If A = U{An: n E w}, then one of the 
sets A, contains a full subset of tip. 
Lemma 2.13. Let 1 < n < w. Suppose that 
(1) Xi = Si U w1 (i < n) are spaces such that WI is a set of isolated points and 
s, = xi\w,; 
(2) the product X = n,,, Xi is the union of n subspaces Mh (k < n); 
(3) .for every j < n the product XT = Xj x n,.,i<n Si is WI-compact. 
Then one of the subspaces Mk has a discrete subspace which is not o-closed discrete 
in Mk. 
Proof. Suppose not. Denote by rrj : X -+ n,,, Xi the natural projection and let (Cj) be 
the following statement: 
(Cj) there is a subset Y of wf x njGicn Si such that Yj = K~(Y) is a full subset of 
w{, 7rj / Y is a one-to-one map and Y\Y is covered by (j - 1) subspaces Mk. 
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We will prove (Cj) for every j E { 1, . . . , n} by reverse induction on j. Let us start 
proving (C,). By our indirect assumption we have wT = U{Ym: m E w} in such a way 
that for each Y, there is an Mk such that Y, c Mk is a closed discrete subset of Mk. 
Hence every Y,\Ym can be covered by (n - 1) subspaces Ml, 1 # k. By Lemma 2.12 
one of the sets Y, contains a full subset of w; and we can choose this full subset to be 
Y in (C,). 
Suppose now that 2 6 j 6 n and Y c wf x njGiCn S, witnesses (Cj). We are 
going to prove (C,_I). Since Yj is a full subset of w{, for every II: E nj-1 (Y) the 
set {y E Y: 7r_*(y) = _> z is uncountable and hence has a cluster point y, in {z} x 
fl,_,,,,,Sj. Note that Y = . {yz z E nj_~ (Y)} is a relatively discrete subspace 
of w:-’ x njP,,i<,S, and the set 7r_l(Y) = ~j_l(Y) is a full subset of wj-‘. It 
is clear that 7r-1 / F is a one-to-one map and ? c T\Y is covered by (j - 1) of 
the subspaces i& kt'S say by Ark,, . . . , I~fk~_~. By our indirect assumption we have 
? = U{Ym: m E w} in such a way that each Y, is a closed discrete subspace of one 
of the subspaces Al,,,, . . . , hl&, and therefore Y,\Y, is covered by (j - 2) of the 
subspaces n,fk,, . ~ hfkJ_2. By Lemma 2.12 the set 7r-1 (Y,) contains a full subset of 
w:-’ for one of the Y,‘s and this full subset will witness (C,_I). 
Let us now take a set Y C WI x n,,,,, S’, witnessing (Cl ). Then Y is an uncountable 
relatively discrete subset of XI x n,,,,, Si such that Y\Y = 0, i.e., Y is a closed 
discrete subset of X0 x nlsicn S,, contradicting our assumption (3). 0 
Theorem 2.14. Let 1 6 n < w. If X = n,,, Xi is an WI -compact space and X is 
the union of n perject subspaces Mk, k < n, then at least one of the factors Xi has 
countable spread. 
Proof. Otherwise every Xi has an uncountable relatively discrete subspace Di. Without 
loss of generality we may assume that the underlying set for each Di is w1 and that each 
Di is dense in Xi. Then by Lemma 2.13 one of the subspaces nfk is not perfect which 
is a contradiction. 0 
Corollary 2.15. Let X” be a Lindelijf space for some natural n. Zf Xn is the union of 
n metrizable subspaces then X is second countable. 
Proof. Theorem 2.14 guarantees that c(X) 6 s(X) < w. Now use Corollary 2.8. 0 
3. Examples for nonadditivity of properties in X” 
We shall start with simple results on additivity of axioms of separation in finite powers. 
Proposition 3.1. Let X be a topological space such that Xn = YO U . . . U Y,_ 1, where 
each Yk is a Ti-space, i = 0, 1. Then X is a Ti-space. 
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Proof. Pick different x, y E X and consider the set 
P = {z?, (C’, y), . , (d--k, yk), . , (x,2/n-‘), yn}, 
where 
(x n-k, yy”) = (x, . . ,X,Y,...?Y). 
-- 
n-k k 
The set P consists of (n + 1) points of 
there is an i E n such that (x+‘, y”) E 
97 
X” while we have only n covering sets. Hence 
Y, and (xnp2, y’) E yi for some Ic, I E n, k > 1. 
Now the subspace T = { (xn--lc, .zk-‘, 1~~): z E X} of the space X” is homeomorphic 
to X and the obvious homeomorphism from X onto T takes x to (ICY-‘, y’) and y to 
(xnpk, y”). Therefore, there is a subspace of X (namely, the image of Yi n T under the 
relevant homeomorphism) which contains both x and y and is a T,-space. It is a simple 
exercise to see that if there are Ti-separating open sets for a pair of points in a subset 
of a space, then there exist such sets in the whole space, so any two points of X can be 
Ti-separated. This implies X is a Ti-space. 0 
Recall that a space is Urysohn if any two points can be put into open sets with disjoint 
closures. Of course, any regular space is Urysohn and any Urysohn space is Hausdorff. 
Example 3.2. There is a non-Hausdorff space X such that X x X = Ya U Y, with 15 
and Yi being Urysohn spaces. 
Proof. The space X will be a sequence with two limits. That is X = {u} U {b} U S, 
where S = {s n: n E w}. All points of S are isolated in X. The base of neighbourhoods 
of a (of b respectively) is {a} U (S\F) (or {b} U (S\F) respectively) where F is a finite 
subset of 5’. 
Let us construct Yc and Yi as follows: 
YO = (S x S) U (S x {a}) U ({u} x S) U ({(b,b)}), and Yi = X’\Yu. 
We leave the straightforward verification that Y, is a Urysohn space to the reader. 0 
Example 3.3. There is a countable, first countable, non-Urysohn space whose square is 
the union of two O-dimensional, hence metrizable, subspaces. 
Proof. The set for the space X is w2U{a, 15) where w2 is the ordinal w.w = sup{wn: n < 
w}. The topology on w* is the usual one. Let H be the set of limit ordinals in w*. Let A 
and B be disjoint subsets of w*\H such that the closures of A and B both contain H. 
Let a neighborhood of a have the form 
[(cvJ’) n A] ~{a> 
and define the neighborhoods of b similarly. The points a and b witness that X is not 
Urysohn. 
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Divide X2 into two subspaces as follows. First extend the usual order on w2 to X be 
declaring a = b > (Y for any Q < w2. For 6 < w2, let 
M6 = {(a,/3) E X2: max{o,p} = 6). 
Also let Mab be the set of all points (s, y) such that 3: E {a,, b} and y E H U {a, b}, or 
vice versa. 
Now let Y0 = Ma, U (U{A&: S E H}), and let Yl = X2\ Yo. We claim that both Yo 
and Yi are O-dimensional. 
First we show that each point of nf& is an isolated point of Ya. Consider, e.g., the 
point (o, o) where o E H. Let P 2 max(H n o). Then 
(Ubl x (((w”) n A) u{u})) nu, = {(a.~)}. 
The other cases are similar. Hence Yo is O-dimensional at every point of b&b. 
If 6 E H, a similar argument shows that each point of A46 is in the interior of A& 
relative to Yo. Hence each Ma, S E H, is open in Yo. It is also closed, and the topology 
is the same as its subspace topology in w2 x ti2, which is of course O-dimensional, Hence 
YO is O-dimensional. 
Similarly, nil, for 6 < w2 and 6 a nonlimit is a clopen O-dimensional subspace of Yi. 
So it remains to check 0-dimensionality of Yi at a point such as (a, a), where LY is not a 
limit. In this case, Yi n (U x {a}), where U = ((o + 1, w’) fl A) U {a}, is a relatively 
clopen subspace of Yi, and so Yl is O-dimensional at (a, cy). The other cases are similar, 
so that completes the proof. 0 
Let us call X a ladder system space on a subset S of an ordinal K if 
(i) X = K; 
(ii) points of K\S are isolated; 
(iii) for each Q E S, there is a cofinal L, c a\S such that 
is a base at cy. 
It is a well-known and easy consequence of the Pressing Down Lemma that no ladder 
system space on a stationary subset of a regular uncountable cardinal is collectionwise- 
Hausdorff (CWH). 
Lemma 3.4. Let X be a ladder system space on a subset of a cardinal K. Then for every 
n E w, Xn = YO U Yl such that both YO and Y, are the topological sum of subspaces of 
cardinality less than PC. 
Proof. Let 
Yo = {(o:i)i<n E X”: max{ai: i < n} E S}, 
and let Yi = Xn\Yo. For each 6 < K, let 
A& = { (ai)i<, E X”: max{oi: % < n} = b}. 
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Each I~16 is a clopen subspace of Ya or Yi (depending on whether S E S or not). This is 
clear for S $ S. Suppose 6 E S and (a .). z z<n E A&. Let p = max{ai: i < n and CKY~ < 5). 
For each i < n choose an open neighborhood Vi of oi such that sup Vi = oi, Ui n S = 61, 
and a, = 6 implies inf Vi > /!I. Then Yo n (UC, x U1 x . . . x U,_,) c iVl6. Thus A46 is 
open in Yo, and it is easy to see that it is closed as well. 
Since In16 1 < K, the lemma follows. 0 
Example 3.5. There is a regular non-CWH space X such that X” is the union of two 
metrizable subspaces for every n E w. 
Proof. Let X be any ladder system space on a stationary subset S of WI such that 
each “ladder” L, is an increasing w-sequence converging to Q. Then X is clearly O- 
dimensional, hence regular. By Lemma 3.4, Xn is the union of two subspaces, each 
of which is the topological sum of countable subspaces. Since X is regular and first 
countable, any countable subspace of Xn is metrizable, so the result follows. 0 
The above ladder system example shows that metrizability and paracompactness are 
not weakly 2-additive, answering questions from [ 11. We can use ladder system spaces to 
get consistent examples showing that normality and i-weight are not weakly 2-additive, 
answering other questions from [l], but we do not know how to get ZFC examples this 
way. In particular, we do not know if there is a nonnormal ladder system space in ZFC. 
To see something of the problem faced here, recall that MA(n) implies that every ladder 
system space on a subset of 6 in which each “ladder” L, is an increasing w-sequence is 
normal (and if also 6 < c, then the space has a coarser separable metric topology). See 
[3-51 for information about ladder systems. 
The following example gives ZFC answers to the normality and i-weight questions. It 
is not precisely a ladder system space, but is close enough so that the idea for splitting 
X” into two metrizable pieces still works. 
Example 3.6. There is a regular nonnormal space X with no coarser separable metric 
topology, such that for each natural number 12 3 1 the space Xn is the union of two 
metrizable subspaces each of which admits a coarser separable metric topology. 
Proof. Let L be the limit ordinals in UJ~. The set for X is wi U L’ , where L’ is a disjoint 
copy of L. To define the topology we first declare every point of til\L to be isolated. 
Now we inductively define the neighborhoods of Q and cy’, where a: E L and a’ is its 
copy in L’. To start, let w(O),~(l), . . . be an increasing sequence of natural numbers, 
and let the lath basic open neighborhood of w’ be 
B(w’, lc) = {w’} U {w(n): n > k} 
Let the point w be isolated. (As we will see below, any limit ordinal of the form pi + w 
will be isolated, but limits of limits will not be.) 
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For A c L, let A’ denote its copy in L’. Suppose we have the neighborhoods of ,B 
and p’ defined and satisfying the following conditions for every p < CY E L: 
(a) There is an increasing sequence p(O), /3(l), . . o nonlimit ordinals with supre- f 
mum p such that B(P’, /c) = {/3’} U {P(n): n > k} is the Icth basic open set 
containing p’. 
(b) If /3 is not a limit of limits, then /?J is an isolated point. 
(c) If ,I3 is a limit of limits, then there is a function fo : (a + 1) n L + w\(O) such 
that a neighborhood base for /3 consists of sets of the form 
09” @PI n {Y(m)): YE LM})3 
where b < p, and fp has the following properties: 
(i) The collection {B(y’, fp(y) - 1): y E (p + 1) fl L} is pairwise disjoint. 
(ii) If A c ,B\L and if {y E /3 n L: A n B(y’, fp(y) - 1) # 0) is cofinal in p, 
then A is cofinal in ,13. 
(d) The basic neighborhoods in (a)-(c) are clopen in the topology as defined so far. 
We need to define the neighborhoods of o and 01’ so that (a)-(d) are satisfied. First 
choose an increasing sequence a(O), o(l), . . . o nonlimits converging to o’, and define f 
the neighborhoods of o’ as in (a). If cy is not a limit of limits, then Q: is isolated and we are 
done. Suppose (Y is a limit of limits. The topology we have defined on CYU [(a+ 1) n L]’ is 
first countable, Hausdorff, and O-dimensional, hence metrizable. Note that [(o + 1) n L]’ 
is a closed subset disjoint from LY n L. So there is a function 
fey: (a + 1) n L 4 w\(o) 
such that 
is clopen in cr U [(a + 1) n L]‘. Since the B(y’,O)‘s are almost-disjoint, by modifying 
fa if necessary we can assume the B(y’, fQ(r) - 1) ‘s are disjoint so that (c)(i) will be 
satisfied. We can also assume that (c)(ii) is satisfied by making sure that for y E CL n L, 
if y > a(i) then B(y’, fey(y) - 1) n a(i) = 8. Notice that the point r(fa(r)) is in 
B(?‘, fCY(Y) - l)? and it follows that the set {r(f@(r)): y E L n p} has no limit points, 
hence is clopen, in the topology as defined so far. Hence the basic neighborhoods of a 
defined as in (c) will be clopen. (It also follows from (c)(ii) that this set is cofinal in a, 
and so o will not be isolated.) 
This completes the inductive definition of the basic neighborhoods. 
It is clear that the resulting topology on X is first countable, O-dimensional, and 
Hausdorff, hence completely regular. If we define a partition of Xn exactly as in the 
ladder system example, where cy and cr’ are considered equal for the purpose of defining 
the maximum of a finite set of points in X, it is easy to check by a similar argument 
that this divides X” into two locally countable, metrizable subspaces of weight WI. 
It follows from these properties that each of these metrizable subspaces admits a 
coarser separable metric topology. 
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It remains to prove that X is not normal and does not admit a coarser separable metric 
topology. We prove a claim from which both will easily follow. 
Claim. Suppose U is a open subset of X such that {a: Q’ E U} is stationary Then 
u n L contains a club. 
Proof. Suppose U is as in the claim. Then there is a stationary S c L and f : S + w 
such that 
u 1 u {B(T’? f(r)): Y E s}. 
Suppose also that u does not contain a club. Then there is a stationary set 
T C {o E L: Q is a limit of limits} 
disjoint from U. 
Consider an ordinal o E T. We first argue that the set 
{Y E Q n S: f(7) < f&)} 
cannot be cofinal in (Y. Suppose it were. Then U contains the point ~(f~(7)) for cofinally 
many y in Q. Then it follows from (c)(ii) and the definition of the neighborhood base at 
Q that a is a limit point of U, contradicting Q E T. 
So for each Q E T, there is S(o) < Q: such that f(r) 3 fa!(r) for every ;/ E 
(6(a), a) n S. By the Pressing Down Lemma, there is a 5 < WI and an uncountable 
subset T, of T such that S(o) = 6 for every cy in Tl. By (c)(i) it follows that the 
collection {B(y’, f(r)): y E S\(S + 1))) ’ p 1s anwise disjoint. But this contradicts the 
Pressing Down Lemma applied to S. This completes the proof of the claim. 0 
It is immediate from the claim that the disjoint closed sets L and L’ cannot be separated, 
hence the space is not normal. 
We will show that X does not admit a coarser metric topology by showing that X 
does not admit a countable Tz-separating open cover. Suppose 24 is such a cover. Let 
&=(uEu: { o: cy’ E U} is nonstationary} 
and let Ui = U\UO. 
By the claim, for each U E 121 there is a club C(U) such that ?? > C(U). For 
each U E Uo, there is a club C(U) such that C(U) n {a: Q’ E U} = 8. Since U is 
countable, C = nvcU C(U) is club. Consider o E C, and suppose Q’ E U E U. Then 
U q! Uo, for otherwise LY $ C(U). So U E Ul, whence Q E C(U) c ?f?‘. It follows that 
QI and cy’ for (Y E C cannot be separated by disjoint open sets in U, and so U cannot be 
T&separating. 0 
By “splitting the isolated points” of the above example, we can obtain examples which 
show that metrizability is not weakly 2-additive for spaces satisfying certain covering 
properties or base conditions. We do not know, however, if metrizability is weakly 2- 
additive in the class of paracompact spaces. 
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Example 3.7. There is a regular nonnormal metacompact space X* with a a-disjoint 
base such that (X*), is the union of two metrizable subspaces for every n E w. 
Proof. Let X be the space of Example 3.6. The set for our new space X’ is L U L’ U 
((wl\L) x L x L’). Points of X*\(L U L’) are isolated. If 2 E L U L’, and if B(z) is a 
neighborhood of 2 in the old space X with B(z) n (L U L’) = {x}. then 
B*(z) = {z} U { (/3, a, b) E (wl \L) x L x L’: p E B(z) and z E {a, b}} 
is a neighborhood of x in X*. 
Metacompactness and the a-disjoint base property follow easily from the fact that if 
x and y are distinct points of L, or of L’, then B*(z) and B*(y) are disjoint (and first 
countability for the a-disjoint base property). Nonnormality follows from the fact that L 
and L’ cannot be separated in X, and that if x E L, y E L’, and /3 E B(x) n B(y), then 
(P,X,Y) E B*(x) n B*(y). 
Divide (X”)” into two pieces as before, using the sets 
~~ = {(5i)iCn E (X”)“: max{xi: i < n} = S}, 
where if xi = (p, a, b) then only the first coordinate ,19 of this isolated point is considered 
for the purpose of computing the maximum. The sets &rh will still be clopen (in the 
appropriate piece) for the same reasons. 
It remains to show that 1Ms is metrizable. Suppose (yi)iCn is a point in Xn with 
max{yi: i < n} = S. For each i < R such that yi E LUL’, fix a basic open neighborhood 
Bi of yi in X. Then the collection of all sets in (X*), of the form n,,, Ui, where 
Ui=B:ifyi~LUL’andotherwiseUi={(yi,a,b)}forsomea~Landb~L’,isa 
discrete collection of open sets. Since there are only countably many points (yi)iCIL in 
Xn with max{yi: i < n} = S, and each point of L U L’ has a countable neighborhood 
base in X, it follows that MS has a g-discrete base, hence is metrizable. 0 
4. Unsolved questions 
Usually, the readers of a paper are not only interested in what the authors did but also 
in what the authors failed to do. Well, we are by no means going to conceal it. Here is 
the list of questions we could not solve while working on this paper. 
Question 4.1. Let X be a regular paracompact space such that X x X is union of two 
metrizable subspaces. Must X be metrizable? What if X is Lindelof? 
A positive answer to the following question would yield a positive answer to Ques- 
tion 4.1. 
Question 4.2. Let X be a regular space such that X2 is the union of two metrizable 
subspaces. Must X have a base of countable order? 
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Question 4.3. Let X be a regular space such that Xn is the union of its n subspaces 
with locally a-disjoint base. Must X have a a-disjoint base locally? 
Question 4.4. Let X be a regular space such that X” is the union of n locally metrizable 
subspaces. Must X be locally metrizable? 
Question 4.5. Suppose that n,,, Xi is a Lindelof space which can be represented as a 
union of n metrizable subspaces. Must one of the factors be second countable? 
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